By using the fractional Caputo-Fabrizio derivative, we investigate a new version for the mathematical model of HIV. In this way, we review the existence and uniqueness of the solution for the model by using fixed point theory. We solve the equation by a combination of the Laplace transform and homotopy analysis method. Finally, we provide some numerical analytics and comparisons of the results. MSC: Primary 37A25; 34D20; secondary 37M01
Introduction
The HIV infection target is CD4 + T cells which are the largest white blood cells of the immune system [1, 2] . HIV infection infects most cells but has the most destructive effect on CD4 + T cells and weakens the immune system by destroying them [3] . When the number of CD4 + T-cell drops below a certain number, the cell-mediated immune system disappears, the immune system becomes weaker, and the body becomes susceptible to any infection [3] . A simple mathematical model for HIV infection was presented by Pearson [4] . This model has been an inspiration for many mathematicians in the modeling of HIV (see, for example, [4] [5] [6] ). The mathematical models presented for HIV are very useful in understanding the dynamics of HIV infection [7] [8] [9] [10] . Many mathematicians and scientists have shown that using fractional order instead of the correct order in modeling natural phenomena yields better results [10] [11] [12] [13] . In recent years, Caputo and Fabrizio proposed a new definition of fractional derivative having exponential kernel [14] . Losada and Nieto investigated the properties of the new fractional derivative [15] . The Caputo and Riemann fractional derivatives cannot adequately describe physical phenomena because of their singularity. Recently, many works related to the fractional Caputo-Fabrizio derivative have been published (see, for example, ). In this paper, we use the Caputo and Fabrizio fractional derivative [14] to express the model of HIV and solve the equations by a method that combines the homotopy and Laplace transforms [14, [40] [41] [42] . Now, we recall some fundamental notions. The Caputo fractional derivative of order ν for a function f via integrable differentiations is defined by
Our second notion is a fractional derivative without singular kernel introduced by Caputo and Fabrizio [14] . Let b > a, f ∈ H 1 (a, b), and ν ∈ (0, 1), the Caputo-Fabrizio derivative of order ν for a function f is defined by
where M(ν) is a normalization function that depends on ν and
Also, for n ≥ 1 and ν ∈ (0, 1), the fractional derivative CF D ν+n of order ν + n is defined by [43] .
The Laplace transform of the Caputo-Fabrizio derivative is defined by [15] 
where 0 < ν ≤ 1 and M(ν) = 1. The Riemann-Liouville fractional integral of order ν,
The fractional integral of Caputo-Fabrizio is defined by [15] 
Also, the left and right fractional integrals of ( CF a D ν ) are defined respectively by [44] :
The Sumudu transform is derived from the classical Fourier integral [45] [46] [47] . Consider the set A = {F : ∃λ, k 1 ,
for all t ≥ 0, and the inverse Sumudu transform of F(u) is denoted by f (t) = ST -1 [F(u)] [46] . The Sumudu transform of the Caputo derivative is given by [45] . Let F be a function such that its Caputo-Fabrizio fractional derivation exists. The Sumudu transform of F with Caputo-Fabrizio fractional derivative is defined by [48] 
Let (X, d) be a metric space, a map g : X → X is called a Picard operator whenever there exists x * ∈ X such that Fix(g) = {x * } and the sequence (g n (x 0 )) n∈N converges to x * for all
Mathematical model of the HIV-1 infection of CD4 + T-cell
The classical order model of HIV-1 infection of CD4 + T-cell is given by
with initial conditions T(0) = T 0 , U(0) = U 0 , V (0) = V 0 [1] . Model (1) does not include the internal memory effects of the HIV biological system. To improve the model, we change the first-order time derivative to the Caputo-Fabrizio fractional derivative of order ν as follows:
where 0 < ν i ≤ 1 and the initial conditions T(0) = T 0 , U(0) = U 0 , and V (0) = V 0 . In this model, T represents the concentration of uninfected CD4 + T cells, U represents the concentration of infected CD4 + T cells, and V represents the free HIV infection particles in the blood. The parameters β, d, k, δ, b, c, and N denote the new T-cells supply rate, the rate of natural death, the rate of infection T-cells, the death rate of infected T-cells, the rate of return of infected cells to uninfected class, the death rate of virus, and the average number of particles infected by an infected cell, respectively.
In system (2), the right-hand sides of the equations have dimension (time) -1 . When we change the order of the equations to ν, the dimension of the left-hand side would be (time) (-ν) . To have the dimensions match, we should change the dimensions of the param-eters d, k, δ, b, c and the system we obtain eventually is
Numerical solutions of model (3) are presented by using the homotopy analysis transform method (HATM). We transform the fractional differential equation into the algebraic equation by using Laplace transform and solve the resulting algebraic equation by the homotopy analysis method.
Existence of solution
Consider the following model employing the Caputo-Fabrizio fractional derivative:
We get the Losada and Nieto integral operator [15] on both sides of equations (4), so
We present the differential equations (5) as follows:
Now if we take limit from Picard's repetitive series (6) when n is infinite, the solution of the equation is obtained as follows:
Existence of solution by the Picard-Lindelof approach
We use the Picard-Lindelof approach and the Banach fixed point theorem to prove the existence of the solution. At first, we define the following operators:
Let
where
Assume a uniform norm on C[a, c i ] (i = 1, 2, 3) as follows:
Consider the Picard operator
given as follows:
So that
Let us assume that the solutions to the problem under investigation are bounded within a time period,
Let L = max{L 1 , L 2 , L 3 } and there exists t 0 so that t 0 ≥ t, then
where we demand that
Also we evaluate the following equality:
Using the definition of our Picard operator, we have
with λ < 1. Since G is a contraction, then μλ < 1, so O is a contraction. The proof is complete.
Special solutions via iteration approach
Here, we provide a special solution to the model of HIV-1 infection. Applying the Sumudu transform to system (3), we get
By using the definition of the Sumudu transform of CF-derivative, we obtain
Rearranging, we obtain the following inequalities:
The following recursive formula is obtained:
Finally, the solution of equation (24) approximates to the following:
Application of fixed point theorem for stability analysis of iteration method
Consider the Banach space (Y , · ), a self-map F on Y , and recursive method P n+1 = φ(F, P n ). Assume that Ω(F) is the fixed point set of F which Ω(F) = ∅ and lim n→∞ P n = p ∈ Ω(F). Suppose that {f n } ⊂ Ω and e n = f n++1φ(F, f n ) , if lim n→∞ e n = 0 implies that lim n→∞ f n = p, then the recursive procedure P n+1 = φ(F, P n ) is F-stable. Suppose that our sequence {f n } has an upper boundary. If Picard's iteration P n+1 = FP n is satisfied in all these conditions, then P n+1 = FP n is F-stable. 
Suppose that the fractional model of HIV-1 infection of CD4 + T-cell (3) is connected with the subsequent iterative formula in (24) . Consider the following theorem.
Theorem 2 Suppose that F is a self-map defined as follows:
Then (26) is F-stable in L 1 (a, b) if the following conditions are achieved:
Proof At first, we compute the following inequalities for (n, m) ∈ N × N to prove that F has a fixed point:
Now, we apply norm on both sides of equation (28) F(T n -F(T m )
Because of the same role of both solutions, we shall consider
From equations (29) and (30), we obtain
Since V n , T m , U n are convergent sequences, then they are bounded, so there exist M 1 , M 2 , M 3 for all t such that
From equations (31) and (32), we obtain the following:
where f i are functions from ST -1 [ 1-ν+νu M(ν) ST[ * ] ]. In the same way, we get
Then the F self-mapping has a fixed point. In addition, we show that F satisfies the conditions in Theorem 1. Let (33) , (34) , and (35) hold, so we assume
Then all conditions of Theorem 1 are fulfilled and the proof is complete. Page 10 of 17
Solution of equations by HATM method
To solve equations (3), we apply the Laplace transform on the both sides of equations:
So
We get
Using the homotopy method, the nonlinear operator is defined as follows:
The so-called zero-order deformation equations of the Laplace transform equation (41) have been shown by Liao [41] to have the form
(1p)L ϕ 2 (t; p) -U 0 (t) = phH(t)N 2 ϕ 1 (t; p), ϕ 2 (t; p), ϕ 3 (t; p) ,
where p ∈ [0, 1] is the embedding parameter, h = 0 is a nonzero auxiliary parameter, H(t) = 0 is an auxiliary function, L is an auxiliary linear operator, T 0 (t), U 0 (t), and V 0 (t) are initial guesses of T(t), U(t), and V (t), and ϕ i (t; p), i = 1, 2, 3, are unknown functions respectively. It is important that one has great freedom to choose auxiliary things in HAM. Obviously, when p = 0 and p = 1,
Then as p increases from 0 to 1, the solution (ϕ 1 (t; p), ϕ 2 (t; p), ϕ 3 (t; p)) varies from the initial guess (T 0 (t), U 0 (t), V 0 (t)) to the solution (T(t), U(t), V (t)). Expanding ϕ 1 (t; p), ϕ 2 (t; p), and ϕ 3 (t; p) in Taylor series with respect to p, we have
∂p m | p=0 . If the auxiliary linear operator, the initial guess, the auxiliary parameter h, and the auxiliary function H(t) are properly chosen, then series (44) converges at p = 1 as proved by Liao [41] (and see [4, 5] ), we have
The mth-order deformation equation is presented by
Using the inverse Laplace transform, we obtain
On solving the above equations for m = 1, 2, 3, . . . , we get
Consequently, the solutions of equations (3) are given as follows:
Convergency of HATM for FDEs
We prove the convergence of the HATM method for equation (40) as our next result.
Theorem 3
Let the series ∞ m=0 T m (t) and ∞ m=0 U m (t) and ∞ m=0 V m (t) converge uniformly to T(t), U(t), and V (t) respectively, where T m (t), U m (t), V m (t) ∈ L(R + ) are produced by the mth-order deformation (46) , and besides ∞ m=0 D ν T m (t) and ∞ m=0 D ν U m (t) and ∞ m=0 D ν V m (t) also converge. Then T(t), U(t), V (t) is the solution of (40) .
Proof Suppose that ∞ m=0 T m (t) converges uniformly to T(t), then clearly lim m→∞ T m (t) = 0 for all t ∈ R + . Since Laplace is a linear operator, we have
Thus, from (51) we derive
Now from (47) we have
Similarly,
and
Therefore T(t), U(t), and V (t) are the solutions of equation (40) and the proof is complete.
Numerical results
In this section, we present a numerical simulation of the results of the HIV-1 infection Tcells system (3) . The values of the parameters are also selected as N = 1000, δ = 0.16, k = 0.000024, b = 0.2, c = 3.4, β = 10, d = 0.01 and the initial conditions are given by V 0 = 0.001, U 0 = 0, T 0 = 1000 (see [9] ). Next, we compute the HATM solutions for different values of ν = 0.95, 0.96, 0.97, 0.98, 0.99, 1, h = -1, and H = 1. Figures 1, 2 show the results and indicate that as ν → 1, the approximate solutions tend to the classic integer solution with ν = 1. A comparison between the noninteger order model with ν = 0.95 and the integer order ν = 1 is also given in Tables 1-3 . The results verify the efficacy and accuracy of the new fractional model. 
Conclusion
In this work, we extend the model of HIV-1 infection of CD4 + T-cell to the concept of Caputo-Fabrizio fractional derivative. We solve the related fractional differential equations by using the HATM method. The existence and uniqueness of the solutions are studied with a fixed point theorem. We present the special solution by using the Sumudu transform of the Caputo-Fabrizio derivation. Also, some numerical results are presented for different values of ν to show the effect of the fractional order. Finally, we compare the results of the ordinary, Caputo, and Caputo-Fabrizio derivatives.
